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ABSTRACT

When a robot forms multiple contact points with its environment near-simultaneously,

small perturbations can change the anticipated order of contact, which can lead to

vastly different outcomes. These “multi-contact dynamics” have eluded convenient

mathematical analysis, despite posing no issue for a plethora of terrestrial organisms

ranging from ants to elephants. Classically, simulating a three-legged hopping robot

a mere 2 hops into the future would require solving over 1,000 separate differential

equations. This dissertation leverages recent theoretical work to show that many

multi-contact dynamics are – in practice – easier to model, control, and simulate

than previously believed. We begin by introducing a three-legged hopping robot

and showing experimentally that its flight-to-triple-stance impact map is linearizable

(C1) near the triple-contact trajectory. Using this result, we employ smooth system

identification and control tools to successfully steer the hopper in the plane in real-

time, even in the presence of significant disturbances. Finally, we present a numerical

method for rapidly and accurately solving initial value problems belonging to the

more general class of “event-selected [multi-contact] systems” that performs on-par

with the state-of-the-art via a comparison with MuJoCo.
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CHAPTER I

Introduction

Physical contact, from picking up a glass of water to foot placement while walking is

an ever-present aspect of the human experience. It is unsurprising that the field of

robotics – which broadly seeks to build devices capable of performing human tasks

– has had a sustained interest in modeling contact for many decades. This interest

has borne significant fruit. Legged robots like Boston Dynamics’ Spot [Hut+16] are

the obvious example, but assembly line manipulators [Bic00], drone “sky cranes”

[AGI], and even cars [Wil+16] rely on contact and contact models to perform their

tasks. However, most of these examples are specially designed to simplify the kinds

of contact they might experience. Nearly every robot quadruped walks according to

a Buehler Clock [Bue+99], different kinds of cars have different tires [F124], and no

commercially available robot biped has toes despite their ubiquity in primates.

Analyzing contact, both mathematically and physically, is awkward. Tools for

robot planning and control almost categorically rely on smoothness – the existence

of first order approximations, typically in the form of a derivative. Contact usually

introduces jump discontinuities which require further analysis beyond the familiar

derivative tooling. The ensuing awkwardness compounds when multiple contacts are

formed in an indeterminate order. It is generally unclear if such multi-contact dy-

namics are indeed governed by a first-order approximation, as is the case for the

more familiar class of smooth systems. In the extreme, multi-contact systems may

even lack a continuous dependence on initial conditions. As a result each contact
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ordering, called a mode schedule, is usually treated separately, leading to a combina-

torial analysis. However, nearly all terrestrial animals successfully control and plan

for multi-contact dynamics. This suggests that multi-contact dynamics may be much

simpler than meets the eye.

Recent theoretical advances claim that many physically-common multi-contact

dynamics are governed by a first order approximation [Bur+16], and a large subset is

even classically once-differentiable (C1 or C1-smooth) [CRB22, Sec. 3.2]. If present

in practice, this result could dramatically simplify the analysis required to control

and analyze such systems. This dissertation attempts to bring these results into the

physical realm. It is my hope that the experiments herein will make the control of

multi-contact dynamics less resource-intensive, thereby lowering the barrier of entry

to building robots and developing stranger actuation topologies and motion plans.

1.1 Conceptual Overview & Relevance Checklist

Before proceeding with theoretical minutia, we present a conceptual overview to help

the reader decide if this work is relevant to their system. This dissertation is based

on the theory of Event-Selected Systems (ESS) [Bur+16]. At its core, ESS theory de-

scribes local properties of dynamics that are smooth except at the moment of contact.

Each contact is represented by a smooth surface in the state space (a manifold) called

a guard. If all trajectories in a neighborhood containing the guards are guaranteed to

cross them exactly once, then a system is likely ESS. We call such a neighborhood an

ESS complex. Periodic dynamics can be described with ESS theory by subdividing

the state space into multiple ESS complexes. Since an ESS must cross its guards, it

cannot experience “pure” hard contact such as a perfectly rigid ball bouncing on a

perfectly rigid table. Regardless, many hard contacts of interest are ESS. A legged

robot’s center of mass dynamics can be ESS even when the feet make hard contact
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with the ground so long as the guards describing foot contact in the relevant state

space are crossed. Further, many second-order mechanical ESS with position-based

contacts are fully C1-smooth. To simplify Checklists are laid out in Tab. 1.1.

□ Trajectories are continuous

□ Collisions appear as smooth surfaces

in the state space

□ Every contact is locally made/broken

exactly once

□ Contact does not completely annihi-

late penetration velocity

□ Is ESS

□ States can be grouped into “posi-

tion” and “velocity” coordinates

□ Contacts are functions of only the

position variables

□ Contacts introduce additive “acceler-

ations”

Table 1.1: Conceptual checklist for determining if a region of a system is ESS (left) or FoPAS
(right). FoPAS [CRB22] possess a classical Jacobian, but ESS apply to a broader range of dynamics
[Bur+16]. Coarsely, FoPAS are mechanical ESS with spring-like (not necessarily soft) contact forces.
Both classes describe local phenomena, and periodic dynamics can be represented as a combination
of multiple ESS/FoPAS.

1.2 Background

Contact dynamics have been studied since at least the time of Newton [WM92],

and can be treated with many different formalisms. We refer the reader to [Bro16]

for a detailed treatment. The most general approaches use differential inclusions

[Mor88; Fil88; Bro+06] and specialized applications of hybrid automata [GST09;

Lyg+01]. In manipulation, the need to understand the forces necessary to keep

two rigid bodies in constant contact (e.g. holding an object between the thumb and

forefinger) has popularized the linear complementarity formulation of contact [ST00b;

AP97; Faz+17]. This formalism allows ready computation of contact forces using

familiar optimization tools [Löt82; CPS09], can treat friction with sufficient fidelity

[ST00b; AP97], and in some cases can even be used to plan over multiple mode
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schedules [PCT14]. As a result, linear complementarity has become the de-facto

standard for solving contact forces in simulation [Lee+18; CB16; TET12]. However,

despite some stability results [PTT16], the complementarity formulation does not

generally allow for dynamical analysis through contact.

In legged locomotion, the ratio between a robot’s weight and its lateral velocity

makes the assumption of sticking friction more robust [WGK03]. In this context, un-

derstanding the instantaneous effects of foot contact becomes of greater importance.

Usually, hard contact, where any penetrating velocity is destroyed at the moment of

contact, is assumed. This has brought significant attention to the use of impact maps

(sometimes called reset maps) [Lyg+01; WGK03; GS09]. Impact maps describe the

sudden change in motion that occurs when two objects collide. This change usually

makes the underlying dynamics discontinuous [GS09]. Despite being discontinuous,

the response to perturbations near a single contact is still governed by a linear ap-

proximation. The saltation matrix, introduced in [AG58] and described in practice by

[Kon+24], describes the effect of a pre-contact perturbation on the post-contact state.

It functions similarly to a Jacobian matrix. So much so that new kinds of Kalman

filter have been built around it [Kon+21; PKJ22a]. However, this linearization only

holds for individual contacts and specific mode schedules. [RBS10, Sec. 5.1] observed

that hard simultaneous contact creates a discontinuous transfer function which pro-

hibits tools like Jacobian and Floquet analysis. Here is the core of the combinatorial

explosion – the dynamics of different mode schedules can be completely unrelated,

and so each of the combinatorially-many possible mode schedules must be considered.

Resolving the combinatorial explosion requires relaxing the assumption of perfectly

rigid bodies. [Bur+16; PB17] observed that when some penetrating velocity is pre-

served after contact, many multi-contact dynamics become Event Selected Systems

(ESS). ESS have a piecewise-smooth structure in the form of a Bouligand derivative

[Sch12, Chp. 3]. The Bouligand derivative, when it exists, is numerically identical
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to the directional derivative [Sch12, p. 65]. Each smooth “piece” corresponds to a

mode schedule. As above, the linearization for each mode schedule is an ordered

product of Jacobian and Saltation matrices. The core insight of ESS was continuity

and Bouligand differentiability; the individually smooth pieces meet continuously at

the simultaneous contact trajectory. The Bouligand derivative preserves chain rule

and product rule, allowing the familiar tools of control and dynamical systems to

be used on ESS, albeit in a slightly unfamiliar way. Extending this, [CRB22, Sec.

3.1] introduced Force-Position Additive Systems (FoPAS). FoPAS are a subclass of

ESS which are fully C1, i.e. they possess a classical Jacobian matrix. Many me-

chanical ESS with springy contact are FoPAS. The springy contact forces allow the

saltation matrices to commute, making each smooth “piece” meet smoothly, not just

continuously, at the simultaneous trajectory.

We now recapitulate the technical conditions and discuss their physical intuition.

Definition 1.2.1. Given a vector field F : D → TD over an open domain D ⊂ Rd

and a function h ∈ Cr(U,R) defined on an open subset U ⊂ D, we say that h is

an event function for F on U if there exists a positive constant f > 0 such that

Dh(x)F (x) ≥ f elementwise, for all x ∈ U . A codimension-1 embedded submanifold

Σ ⊂ U for which h|Σ is constant is refereed to as a local section for F . [Bur+16,

Defn. 1].

Defn. 3.2.1 establishes the “liveness condition” of ESS. It ensures that all guards

are (eventually) crossed, restricting the dynamics from exhibiting sliding modes or

branching. The event functions can be chosen such that each h(x) = 0 is a guard.

The specific choice of constant is arbitrary, but h|Σ = 0 aligns with canonical notation

in the literature [ST00a].

Definition 1.2.2. Given a vector field F : D → TD over an open domain D ⊂ Rd,

we say that F is event-selected Cr at ρ ∈ D if there exists an open set U ⊂ D

containing ρ and a collection {hj}nj=1} ⊂ Cr(U,R) such that
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1. (event functions) hj is an event function for F on U for all j ∈ {1, ..., n}

2. (Cr extension) for all b ∈ {−1,+1}n = Bn, with

Db = {x ∈ U : bj(hj(x)− hj(ρ)) ≥ 0},

F |IntDb
admits a Cr extension Fb : U → TU

[Bur+16, Defn. 2].

Defn. 3.2.2 establishes that event-selectedness is a local property. Requiring that

each guard be crossed exactly once, irrevocably prevents periodic and rhythmic be-

haviors, such as hopping. By constructing event-selectedness as a local property,

periodic systems can be treated as several event-selected systems joined together,

preserving both the mathematical convenience of event-selectedness and the general-

ity of mechanical collisions.

1.3 Contributions

1.3.1 Chapter 2: Experimental Confirmation of Once-

Differentiable Multi-Contact Dynamics in Nature

In this chapter, we show that a physical robot with multi-contact dynamics has a

single, C1-smooth impact map. We developed a three-legged hopping robot which

makes hard contact with the ground via springy contacts, measured its motion, and

estimated its flight-stance impact maps. Classically, the hopper would be considered

to have six distinct impact maps, one for each of the 3! = 6 possible mode schedules

during the flight-stance impact. We showed that each of these six impact maps are

practically the same. We then concluded that the hopper’s impact dynamics are once-

differentiable, suggesting that smooth tools for estimation, control, and optimization
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are fully applicable to such systems. This result forms the basis of the control scheme

in Chp. 3. We also provide an overview of the signal processing and statistics involved

for those curious.

1.3.2 Chapter 3: Mode-Schedule-Agnostic Real-Time Opti-

mal Control of Multi-Contact Dynamics

Simulating the hopper from Chp. 2 a mere two hops into the future involves over 1,000

distinct mode schedules. Familiar optimization approaches rapidly become untenable

in real-time under this framework. We demonstrated real-time receding-horizon op-

timal control of the hopper over a 3-hop horizon. Our approach did not consider

mode schedules at all, reducing 46,656 differential equations to a set of 3 difference

equations. We demonstrated the hopper’s ability to turn and approach waypoints,

even in environments with very inconsistent friction. The system identification and

optimization tools used were largely textbook, but are presented for replicability’s

sake.

1.3.3 Chapter 3: Tail-Like Actuation Scheme

We steered the hopper using a tail-like counterweight-boom actuator. Rather than

control the hopper’s motion by directly modulating the contact forces, we moved

the hopper’s center-of-mass using the counterweight. This proved more effective for

turning the hopper and controlling the direction of its hops. To improve turning, we

moved the boom only during flight to take advantage of the conservation of angular

momentum.
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1.3.4 Chapter 4: Proof and Conditions of 3rd-Order Event

Localization Accuracy Using Hermite Splines

Solving initial value problems (IVPs) for nonsmooth mechanical systems, e.g. for

multi-contact dynamics, typically involves solving familiar smooth IVPs and joining

them at the moments of contact, called events. Determining when these events oc-

curred – event localization – is critical to accurately simulating nonsmooth mechanics.

Event localization is usually computationally expensive, and numerous schemes have

been employed to trade off runtime performance and numerical accuracy. We proved

that the dynamics considered in this work admit rapid and accurate event localization

using familiar Hermite splines without detailed consideration to the structure of the

event functions. We highlight the specific property that ensures the approximation

error is bounded by a 3rd-order polynomial in both time and space and provide a

proof using a triangle inequality.

1.3.5 Chapter 4: Software Interface for Rapidly Integrating

Multi-Contact Dynamics

We developed a software interface which allows our event localization algorithm to

be used with any ordinary differential equation solver that supports event detection.

When an event is detected, the trajectory information is passed to our event lo-

calization algorithm, which efficiently resolves the possibly-multiple event(s) before

returning the updated trajectory to the classical integrator. When multiple events

occur within a single timestep, our algorithm resolves them using a mix of Hermite

spline interpolation and single-step 3rd-order Runge-Kutta integration.
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1.3.6 Chapter 4: Computational Benchmarks for Multi-

Contact Integrators

We sought to evaluate our integration scheme’s performance, both on its own and in

comparison to MuJoCo. Due to a lack of standard benchmarks in the literature, we

devised our own. None of these benchmarks is particularly complex, but due to a lack

of literature we consider them important contributions. We first designed a three-

dimensional piecewise-affine system with three contact events, each corresponding to

the trajectory crossing the xy, xz, or yz-planes, respectively. All piecewise-affine sys-

tems have a known closed-form solution through piecewise application of the matrix

exponential under a coordinate shift, making them suitable for assessing the accu-

racy of numerical methods. Having each event correspond to crossing a coordinate

plane was an artifact of convenience. Coordinate planes are visually apparent and

orthogonal, making them suitable for qualitative troubleshooting and more detailed

mathematical analysis. We then developed a simulation of a one-dimensional vertical

hopper with a springy contact. This is a mechanical system with straightforward

constraints and a readily-computable closed-form solution that any robot simulator

should be able to handle. Since this system contains exactly one contact event, it

is a suitable “calibration” problem to assess how a numerical method’s performance

scales with additional contact points. Further, being a conservative mechanical sys-

tem, it can be used to troubleshoot numerical codes by tracking where they violate

the conservation of energy. Finally, we devised a test problem which can be procedu-

rally generated to the effect of arbitrarily-many contacts: an infinitely-long bar falling

onto a bed of evenly-spaced frictionless spring contacts. In concert with the vertical

hopper, this problem can be used to compare the computational-cost-per-contact of

simulators regardless of simulator implementation or overhead.
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1.3.7 Chapter 4: Performance Assessment Against MuJoCo

We first confirmed that our pure-Python implementation was 3rd-order accurate us-

ing the three-dimensional piecewise-affine benchmark. We then sought to calibrate

its runtime performance against MuJoCo using the vertical hopper benchmark. In-

terestingly, the efficiency of MuJoCo’s contact solver comes at the cost of numerical

stability: the vertical hopper gained energy in the MuJoCo simulation. After calibra-

tion, we compared our pure-Python implementation against MuJoCo, finding that it

performed nearly on-par with superior numerical accuracy.

1.4 Discussion

We have demonstrated that, with a mild relaxation of perfectly rigid impacts, evalu-

ating dynamics across different mode schedules in practice becomes straightforward

and, in many cases, trivial. This relaxation can be as simple as a robot leg exhibiting

a reactive impedance between the body and ground. Although rigid impacts are

more popular in the robotics community [Lee+18; CB16; WGK03], this approach

provides great gains. Chiefly, these systems are linearizable. Prior to this work, it

was unknown if any physical multi-contact dynamics could be differentiated near si-

multaneous impact [RBS10]. As a result, multi-contact has generally been avoided

[Bic00], with only some approaches using specific kinds of contact models [PCT14].

Many mechanical systems with impact become FoPAS when the assumption of

perfectly rigid impact is relaxed. We have shown that a physical FoPAS with three

contacts is classically linearizable, despite our system experiencing hard (but not

rigid) ground impact. It was not previously known that such a system could possess

a Jacobian matrix. Although we needed 3,000 impacts to confirm this result, an

accurate data-driven model should require a dataset of only 100 impacts of arbitrary

mode schedule. We leveraged this insight to effectively steer a three-legged hopper

10



in the plane. Classically, a predictive controller looking three hop into to the future

would need to evaluate 62×3 = 46, 656 separate differential equations. We were able

to reduce the computation to three difference equations. This allowed real-time op-

timization and data-lean system identification. We estimated a control model from

only 100 hops and then successfully controlled the hopper’s motion in real-time. Fi-

nally, we introduced a numerical method for solving ESS initial value problems whose

pure-Python implementation nearly matches MuJoCo’s performance. Using the be-

nign “liveness” condition of ESS, we were able to demonstrate accuracy bounds on

efficient splining methods for resolving contact.

This work shows that multi-contact is ripe for control and dynamical study. De-

spite the apparent difficulty of multi-contact, we have found great improvements to

control strategies using the slight additional structure imposed by FoPAS and ESS

From system identification to analysis to numerical methods, effective models and

controllers can be built with no more effort and data than for smooth systems. It

is human nature to stay close to the familiar. There is a tendency in engineering to

“brute force” a problem and mathematics prefers to observe from one hundred miles

up. The pursuit of this work has allowed us to go up and down that ladder across

many different fields. We feel it is better for it and encourage you to do the same.
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CHAPTER II

Evidence of C1-Smooth Multi-Contact Dynamics

on a Physical Robot

2.1 Introduction

The theoretical results of ESS and FoPAS are theoretically certain because they were

presented with mathematical proof ([Bur+16] and [CRB22], respectively). However,

it is unclear how sensitive the underlying mathematics are to the perturbations in-

troduced by physical reality. This chapter shows that a physical robot that could

be reasonably modeled as a FoPAS is linearizable in practice as predicted by ESS

theory, establishing the practical relevance of event-selected dynamics. It is primarily

concerned with experimental methodology and the philosophy of linearization.

2.1.1 Motivation

When robots form several contacts (collide) with their environment in an uncertain

order, it is generally unclear whether perturbations around this trajectory are gov-

erned by a linearization, as they would be for smooth dynamical systems. Dynamics

through a single collision can be linearized using a saltation matrix [Kon+24]. This

result extends to multiple contacts only when the order of in which contacts are

made is fixed (called a mode schedule). There is no general relationship between

the dynamics passing through different mode schedules, and this directly causes the

12



“combinatorial explosion,” where the resulting stability and analysis problems be-

come combinatorially hard [Bur+16; PCT14]. The successful and prevalent use of

multi-collision dynamics by virtually all terrestrial organisms, including arthropods

with relatively minuscule neural processing capabilities, suggests that modeling multi-

collision dynamics may be much simpler than seems at first.

Event-selected systems (ESS) theory [Bur+16] explores physically common multi-

collision dynamics where each collision occurs exactly once. Under this structure,

ESS flows are continuous, piecewise-differentiable maps. Each differentiable “piece”

corresponds to a single mode schedule. ESS provides a generalized way to construct

first-order models around multi-collision trajectories even when collisions are simul-

taneous. Surprisingly, a recent result observes that a common class of ESS has (C1)

continuously-differentiable dynamics [CRB22, Sec. 3.2.2]. These Force-Position Ad-

ditive Systems (FoPAS) subsume many dynamics typically treated as linear comple-

mentarity problems (LCPs), suggesting that many contact-rich planning problems

could be analyzed and optimized through classical multivariate differentiation. The

chief contribution of this work is demonstrating continuous differentiability through

multi-collision in an experimental system on a physical robot, highlighting that these

mathematical predictions do appear in practice.

2.1.2 Background

Multi-collision planning is hard because perturbations can change the mode schedule,

and the change in trajectories caused by a change in mode schedule is generally

unknown. This leads to a “combinatorial explosion,” where motion planners must

optimize over each of the (combinatorially-many) mode sequences individually. This

has been somewhat ameliorated using the complementarity formulation of contact

[PCT14]. In the complementarity formulation of contact [AP97], contact forces are

solved for using a linear complementarity problem (LCP) [Cot79; CPS09]. LCPs are a
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type of matrix optimization problem and as such benefit from powerful linear algebra

solvers [CPS09]. [PCT14] used this framework to frame multi-collision trajectory

optimization as a “Mathematical Program with Complementarity Constraints” which

is able to solve over the different mode sequences implicitly, removing the emphasis

on mode schedules.

It is not generally known what happens to the trajectory when the mode schedule

changes, even though the complementarity formulation has proofs of stability, such as

in [PTT16]. At its core, collision dynamics are hybrid dynamical systems, and LCPs

are only one way to represent them [Bro+06]. [Bur+16] showed that under certain

common technical conditions, a hybrid dynamical with multi-collision dynamics has

its flow vary continuously as mode schedules change, and admits a first-order approxi-

mation through the Bouligand Derivative which preserves chain rule and product rule.

The presence of a first-order approximation reduces the complications of contact to

straightforward analysis with Jacobian matrices.

We now recapitulate the technical conditions and discuss their physical intuition.

Definition 2.1.1. Given a vector field F : D → TD over an open domain D ⊂ Rd

and a function h ∈ Cr(U,R) defined on an open subset U ⊂ D, we say that h is

an event function for F on U if there exists a positive constant f > 0 such that

Dh(x)F (x) ≥ f elementwise, for all x ∈ U . A codimension-1 embedded submanifold

Σ ⊂ U for which h|Σ is constant is refereed to as a local section for F . [Bur+16,

Defn. 1].

Defn. 3.2.1 establishes the “liveness condition” of ESS. It ensures that all guards

are (eventually) crossed, restricting the dynamics from exhibiting sliding modes or

branching. The event functions can be chosen such that each h(x) = 0 is a guard.

The specific choice of constant is arbitrary, but h|Σ = 0 aligns with canonical notation

in the literature [ST00a].
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Definition 2.1.2. Given a vector field F : D → TD over an open domain D ⊂ Rd,

we say that F is event-selected Cr at ρ ∈ D if there exists an open set U ⊂ D

containing ρ and a collection {hj}nj=1} ⊂ Cr(U,R) such that

1. (event functions) hj is an event function for F on U for all j ∈ {1, ..., n}

2. (Cr extension) for all b ∈ {−1,+1}n = Bn, with

Db = {x ∈ U : bj(hj(x)− hj(ρ)) ≥ 0},

F |IntDb
admits a Cr extension Fb : U → TU

[Bur+16, Defn. 2].

Defn. 3.2.2 establishes that event-selectedness is a local property. Requiring that

each guard be crossed exactly once, irrevocably prevents periodic and rhythmic be-

haviors, such as hopping. By constructing event-selectedness as a local property,

periodic systems can be treated as several event-selected systems joined together,

preserving both the mathematical convenience of event-selectedness and the general-

ity of mechanical collisions.

Defns. 3.2.1 and 3.2.2 form the “check-list” for determining if a dynamical system

is event-selected. [Bur+16] showed that such systems possess a first-order approxi-

mation, although not in the sense of a traditional derivative. Instead, ESS possess a

Bouligand Derivative. The Bouligand Derivative, when it exists, is numerically iden-

tical to the directional derivative [Sch12]. Intuitively, perturbing a trajectory which

crosses 2+ guards simultaneously will cause the perturbed trajectory to have a spe-

cific mode schedule, and the correct first-order approximation will be the Bouligand

Derivative corresponding to said specific mode schedule. Furthermore, these first-

order approximations can be constructed from saltation matrices, a well-established

tool for dynamical analysis.
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Surprisingly, [CRB22, Sec. 3.2] shows that some ESS are C1 smooth. In general

ESS, the loss of smoothness when changing mode schedule comes from the fact that

the saltation matrices do not generally commute. However, when an ESS

1. is “second-order mechanical” in the sense that the state space can be evenly

partitioned into coordinates and their time derivatives (“positions” and “veloc-

ities”)

2. has only guards which exclusively depend on position coordinates

3. crossing guards (the “collisions”) introduce only additive forces, e.g. “soft”

spring-like collisions,

4. and the trajectory is continuous (no jumps in velocity)

the different saltation matrices are commutative and the dynamics are linearizable

in the traditional sense. This implies that many soft and firm contact problems

typically treated with LCP are classically smooth, and are amenable to analysis for

more well-behaved nonlinear dynamics.

2.1.3 Hypothesis

This work is concerned with the empirical C1-smoothness of physical FoPAS flows. If

the C1 property holds, then the linearizations of nearby trajectories should be similar,

even when they belong to different mode schedules. We expect the linearizations to be

so similar that the practitioner can simply use a single linearization for planning and

control – an extreme simplification. In this case it would be difficult to distinguish

between two linearizations – they would be, in practice, identical. This is the core of

our hypothesis: if a FoPAS flow is (practically) C1, then there will be no significant

difference between nearby linearizations, even when they belong to different mode

schedules.
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This follows from C1 by definition: the slope (derivative) and offset of the lin-

earizations are continuous curves. Therefore for small ϵ, trajectories governed by a

C1 flow and originating in the same ϵ-ball have δ-close linearizations by ϵ − δ conti-

nuity of the derivative. An empirical test for C1-smoothness then determines if the δ

(distance) between linearizations is large enough to violate the C1 property.

Multi-contact flows obeying liveness are already C1 for individual mode schedules

(c.f. Sec. 2.1.2), so if the C1 property is violated, it is violated at a boundary between

mode schedules. Conveniently, the trajectory which crosses all guards simultaneously

is a boundary between all the mode schedules. Sampling around this simultaneous

trajectory samples an ϵ-ball containing trajectories for every mode schedule. Lin-

earizations corresponding to the same mode schedule in this ϵ-ball are highly similar,

so the distance between them is the baseline distance between (practically) identical

linearizations. We can determine if other linearizations are also highly similar by

comparing the distance between them to this “in-class” distance.

We chose to measure the distance between linearizations using both the operator

norm and the subspace angle. For constant ϵ, the operator norm is the prediction

error. If the flow is indeed C1, we would expect the linearization built by combining

data from all the mode schedules to have a prediction error similar to the linearizations

specialized for each mode schedule. Depending on the underlying higher-order terms,

accurate linearizations may be able to be built from data excluding certain mode

schedules. This aligns with our interest in practical application – the typical use of

linearization is to more readily predict dynamical behavior, and being able to ignore

the added complexity of different mode schedules is a significant simplification.

To measure the similarity of the affine models directly, we measured the angle be-

tween them – the subspace angle. Such angle measurements are more robust to noise

in the independent variable(s) and here provide insight into the similarity of the lower-

dimensional dominant dynamics. We expect that, for a C1 flow, the distance (in terms

17



of subspace angle) between linearizations specialized for the same mode schedule is

similar to the distance between linearizations specialized for different mode schedules.

If the both the distances and the prediction errors of experimentally determined affine

models are similar, we will say that a FoPAS flow is empirically C1.

2.2 Methods

2.2.1 Experimental Design & Data Collection

We built a 3-legged hopping robot with springy legs, shown in Fig. 2.1. For stability,

the legs were equal-length and arranged symmetrically about the body z-axis. We

chose to study the triple collision at landing (touchdown). To ensure the dynamical

state of the robot persists through touchdown, we performed a drop test releasing the

robot from a height comparable to its hopping height. The robot bounced back to

more than 40% of the initial height. We conclude that the collision losses at landing

do not annihilate the dynamical state of the robot1. We placed 3 motion capture

markers on the body to track its rigid body pose and a marker at the distal end of

each leg (foot) to track contact state. We recorded the hopper hopping2, compensated

for the slight curvature of the floor, and partitioned the data into touchdowns with

pre- and post- touchdown Poincaré sections, described in Sec. 2.2.2.

1It should be noted that many hopping robots do no meet this criterion – they convert the entirety
of their potential energy to heat and electrical energy, then “jump” using stored electrical power.
Such systems are “deadbeat” in a control-theoretic sense, but provide no insight into the mechanical
dynamics.

2We collected data over 4 days at a frame rate of 100Hz, totaling 182611 frames and 2860 hops.
The measured position noise was 0.6mm on average, as determined by the error in the pairwise
rigid body distances between body markers on the hopper. Motion capture data was collected using
Qualysis QTM version 217 (build 4000) on Oqus 310+ cameras.
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Figure 2.1: The three-legged hopping robot we developed for this experimental work. The robot
“preloads” its elastic legs prior to ground contact using a cable assembly so that the legs immediately
exert a force on the ground at the moment of contact. As a result, the contact force model is affine
and cannot be readily solved using the machinery for linear complementarity problems [Bro03].

2.2.2 Selecting Poincaré Sections

To regress the 6 possible touchdown impact maps, we needed to define their domain

and range. We elected to use Poincaré sections for this purpose. In dynamical analy-

sis, a Poincaré section is a manifold in the state space which the trajectories of interest

are guaranteed to cross. Poincaré sections allow a (continuous) differential equation

to be studied from discrete observations, specifically through where trajectories cross

a Poincaré section. Since the hopper’s motion was primarily vertical, we sought level

sets of the hopper world-frame z-position for our Poincaré sections.

This produced a selectivity trade-off. Placing the Poincaré sections close together

would sample close to the simultaneous triple-contact trajectory, but would exclude

relevant data. We resolved this trade off by examining the joint distributions of body
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height and foot height, illustrated in Fig. 2.2. We sought two values of body height

close together, one corresponding to all feet were off the ground (pre-touchdown)

and the other corresponding to all feet were off the ground (post-touchdown). We

examined distributions of minimum and maximum foot height. Both distributions

were bi-modal with the lower (and larger) mode corresponding to ground contact. We

took the upper knee of the lower modes as thresholding when all 3 feet were on (or off)

the ground. To relate these thresholds to body height, we looked at the conditional

distribution of body height, conditioned on the foot height thresholds. For our post-

touchdown Poincaré section, we selected the lowest knee of body height conditioned

on the foot height being off the ground (above the maximum foot height threshold).

This ensured that the any body height below the post-touchdown Poincaré section

had all feet on the ground. We did the reverse for our pre-touchdown Poincaré section

– we selected the body height above which even the lowest foot was on the ground

(below the minimum foot height threshold). This ensured that even the lowest foot

was off the ground when the body height was above our pre-touchdown Poincaré

section.
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Figure 2.2: Data-driven selection of Poincaré sections using marginal probability distributions. Ad-
jacent plots share axes. Vertical dashed black lines correspond to the Poincaré sections used to
segment the motion capture data. Horizontal dashed black lines correspond to the minimum (max-
imum) foot height thresholds of the body height conditional probabilities. Clockwise from the
bottom right: minimum (maximum) foot height versus body height scatter plot, probability density
of minimum (maximum) foot height, conditional probability densities of body height conditioned on
minimum (maximum) foot height.

2.2.3 Determining Touchdown Contact Order (Mode Sched-

ule)

Although foot height physically determined when a foot was in contact with the

ground, we found foot z-velocity to be a more robust indicator of ground contact.

The feet could not pass through the ground, so foot z-velocity experienced a large

local minimum at the moment of ground contact, regardless of the measured floor

height. The order in which the feet experienced these local minima determined the
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mode schedule, illustrated in Fig. 2.3. If a foot contacted the ground before or after

a touchdown, that touchdown was excluded from the dataset.

Figure 2.3: Determining the foot contact ordering (mode schedule) of a touchdown. Foot contact
occurs when the foot z-velocity (blue dashed lines) attains its minimum during a touchdown tran-
sition ((solid yellow fill). The order of foot z-velocity minima (black plus signs) determines the
touchdown’s mode schedule. All feet must contact the ground during the touchdown transition, or
else the touchdown is excluded from the dataset.

2.2.4 Impact Map Estimation & Comparison

Since we could reasonably expect the floor-compensated dynamics to be independent

of (world-frame) xy position and z rotation, we regularized each touchdown to an

SE(2)-invariant “home” frame. This frame had its origin centered at the average body

position during touchdown, and its x-axis passed through the body marker a specific

body marker. Each frame used the same body marker. Each touchdown had a point

on the pre- and a point on the post-touchdown Poincaré section. We took these pairs

22



of points to be input-output pairs describing the flow induced by the multi-contact

touchdown dynamics. After regularizing the data, we selected units of position and

time so that prediction error in position and velocity coordinates would be equally

represented. We computed our results on the normalized regularized input-output

pairs.

We sought to understand the different linear approximations to the flow during

the touchdown transition. Linear regression is the standard tool to compute a linear

relationship from data. We regressed affine models using ordinary least squares. To

compare the dominant linearized dynamics, we needed (1) a way to determine “dom-

inance” and (2) a means to compare them. Principal component analysis (PCA)

describes the directions of variation in a dataset, ordered from highest to lowest

variability. For 18-dimensional data, the principal components are the axes of the

“best-fit” 18-ellipse. From this perspective, low-variance principal components de-

scribe directions along which the data is “constrained,” or varies little.

Although our dataset had 36 dimensions (9 input position coordinates, 9 input

velocity coordinates, 9 output position coordinates, and 9 output velocity coordi-

nates), we found the two least significant principal components to correspond to the

Poincaré sections. This simplified our expected flow to have a state space in the

principal components of dimension 17. Since the flow is likely a full-rank map from

17 dimensions to 17 dimensions, it is approximately an 17-dimensional hyperplane in

34-dimensional space. Therefore, we expect to find 17 constraints, i.e. 17 “small”

principal components. We took these principal components to describe the domi-

nant dynamics. The 17 small principal components are a collection of orthonormal

vectors represented as a matrix. However, comparing matrices does not necessarily

compare the underlying subspaces. Each matrix is a particular basis representation

for its subspace. Spurious differences in noise between mode schedules could cause

basis vectors to change position or “rotate” slightly in the PCA matrix. These minor
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changes could cause a numerical difference in the matrices which has no connection

to the underlying dynamics. To compare the underlying dynamics, we need a means

to convert from the PCA basis representations to distance between subspaces.

This problem has received a great deal of attention, and [EAS98, Sec 4.6] col-

lates several notions of subspace distance which can be computed from orthonormal

tall matrices. Each distance has a different geometric interpretation, as the set of

subspaces forms a manifold embedded in Euclidean space, known as the Grassmann

Manifold.

Regardless of geometry, we seek to make statistical claims. Our constraint sub-

spaces are samples from some underlying probability distributions influenced by our

experimental noise. We seek to determine how similar these underlying distributions

are between the different mode schedules. If the distributions are statistically similar,

we can conclude that the different mode schedules’ linearizations are likewise similar.

Each distance is a transformation from matrix pairs to the real numbers. Depending

on the nature of the transformation, a distance may make two distributions seem

more or less similar. A similarity result would be made stronger by persisting under

a distance which makes similar matrices appear distant, i.e. is sensitive to noise. We

evaluated each distance’s sensitivity to noise and found the “arc length” distance to be

most sensitive to noise. The arc length is the L2 norm of the subspace angles between

subspaces, and corresponds to the geodesic distance on the Grassmann manifold, ef-

fectively characterizing the size of the rotations required to bring two subspaces into

alignment [EAS98, Sec 4.6].

2.3 Results

We trained affine OLS and mean-predictor models predicting the three body markers’

3D positions and 3D velocities after touchdown. We evaluated their performance by
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the prediction mean-squared error (MSE) using 1000 bootstraps with a 120/41 sample

train/test split. The worst case prediction error was on the order of 4mm or 0.14

m/s depending on the quantity. The hopper traveled at least 140mm per touchdown,

suggesting that all models were accurate predictors of the hopper’s touchdown motion.

The performance of affine models trained on data selected without attention to

mode schedule (“unspecialized”) versus affine models specialized for each mode sched-

ule strongly suggests that the hopper’s multi-contact dynamics are C1 (c.f. Fig. 2.4).

Both specialized and unspecialized models comparably outperformed their respective

mean predictors, suggesting that the dynamical information gained from modeling

the “slope” was the same regardless of mode schedule. Further, the performance of

unspecialized affine models improved closer to the simultaneous contact trajectory

and worsened further away. This mimics the anticipated effect of higher order terms,

which theoretically differ for each mode schedule. We trained “near” unspecialized

models selecting impacts whose standard deviation if the respective three foot con-

tact times was below the median of the entire dataset, and “far” unspecialized models

from data whose contact time standard deviation was above the median.
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Figure 2.4: Boxplots of the bootstrapped combined prediction mean-squared error (MSE) of impact
map models describing the 3D positions and 3D velocities of the three body markers. From left to
right, affine model specialized for each mode schedule, unspecialized affine model near the triple-
contact trajectory, unspecialized affine model ignoring distance from the triple-contact trajectory,
unspecialized affine model far from the triple-contact trajectory, mean predictor specialized for each
class, unspecialized mean predictor. Length units were normalized to 29.13mm and 27 milliseconds.

To evaluate the dynamical similarity of the dynamics, we bootstrapped 1000 PCAs

for each mode schedule. Due to asymmetry in the dataset, we trained each PCA on

30 samples rather than 120 as for the affine models. The arc-length distance between

the most significant half of the principal components for the same mode schedule and

for differing mode schedules were highly similar, and were comparable to the distance

between noised identical matrices (c.f. Fig. 2.5). The noised identical matrices acted

as a control to establish what the distance between identical matrices estimated from

data should be. As a further control, we evaluated the spread of random matrices of

appropriate type and found it to be well above the distance between all mode schedule
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PCAs.

Figure 2.5: Cumulative density (top) and box (bottom) plots showing the spread of arc-length
distances in our dataset. The significant overlap between the cross-class and in-class distances
suggests that the dominant dynamics are identical between mode schedules, and the hopper dynamics
are C1smooth. Distances between identical matrices subject to additive noise (“I34,17 + noise”)
emulates the spread of distances expected from identical matrices estimated from experimental data
(e.g. motion capture of a hopping robot) with a signal-to-noise ratio of 10. Distances between random
matrix pairs (“random”) emulates the spread of unrelated dynamics. The dataset distances’ overlap
with identical matrices and its distance from random matrices further suggests that the hopper
dynamics are C1smooth.

We consider all numerical results to strongly suggest that the dynamics near the

triple-contact touchdown can be both effectively predicted and described by a single

linearization trained from data ignoring mode schedule.
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2.4 Conclusion

Conventional wisdom has indicated that multi-contact dynamics are prohibitively

expensive to control, and are best treated using optimization. We have shown the

opposite on a physical robot: many multi-contact dynamics appear to be convention-

ally linearizable and should be, for practical purposes C1-smooth. This result has two

key implications. First, the theoretical analysis of physically-realistic multi-contact

dynamics is more straightforward than previously believed. Classical linear and non-

linear techniques should be completely applicable. Second, less-complex models can

be built from less data for the same accuracy. Even in the case of “hard” contact dy-

namics, there is often an impedance between the contact point and the center-of-mass,

so such center-of-mass dynamics are affected by this result.

We believe this has broad consequences for robot control and optimization. Not

only should introductory nonlinear control tools be useful on multi-contact robots,

but gradient-based optimization methods could work nearly “out of the box.” These

tools have yet to be deployed on multi-contact robots and we plan to continue to

probe this boundary between theory and practice in future work.
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CHAPTER III

Mode-Schedule-Agnostic Steering of a

Three-Legged Hopping Robot

Having shown that the hopper is classically linearizable, we turn to the question of

controlling its motion. This chapter demonstrates that classical (smooth) system

identification and linearized models are sufficient to steer the three-legged hopping

robot around an arena.

3.1 Introduction

The relationship between a robot’s motion and its environment is generally1 governed

by contact forces. Effective task planners should then readily handle the effects of

contact. This becomes complicated when a robot can form multiple contacts in an

indeterminate order. The change in dynamics caused by a change in contact order

(called a mode schedule) is generally unknown. A task planner must consider each of

the combinatorially-many mode schedules, a phenomenon termed the combinatorial

explosion. Planning is already a time-consuming aspect of robot control. Having

to consider combinatorially-many planning problems simultaneously prohibits direct

analysis of these multi-contact dynamics.

1Many legged robots do have a ballistic segment to their motion, and drones and satellites are
sometimes regarded as robots.
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Historically, roboticists have employed three strategies to mitigate the combina-

torial explosion. When appropriate, soft contact models cause the multi-contact

dynamics to become continuously once-differentiable (C1-smooth), immediately en-

abling the use of classical smooth tools [RR23]. In manipulation, contact forces are

usually computed from Linear Complementarity Problems (LCPs) [AP97; TT10].

LCPs, being optimization problems themselves, can be used to implicitly optimize

over multiple mode schedules in a “Mathematical Program with Complementarity

Constraints” [PCT14]. However, in the absence of LCP models or soft contact, a

planner is stuck with the combinatorial explosion. It is for this reason many commer-

cial legged robots have rubber feet and appear to use gait libraries: online planning

for multi-contact is simply expensive.

Recent work has shown theoretically [CRB22, Sec. 3.2] and experimentally (Chp.

2) that many multi-contact dynamics previously thought to be intractable are actually

C1. As in case of soft contact, this admits the use of classical smooth tools for

planning, control, and optimization. We demonstrate this simplification on hardware

by effectively steering a three-legged robot in the plane using direct single-shooting

model predictive control in real-time. The remainder of this work is organized as

follows: the next section summarizes the theoretical foundations motivating this work,

Sec. 3.3 describes the robot, and Sec. 3.4 describes the control process from concept

to hardware. Experimental results and setup are laid out in Sec. 3.5.

3.2 Background

[Bur+16] showed that under mild technical conditions, systems with multi-contact

dynamics have flows that vary continuously as mode schedules change, and admit

a first-order approximation through the Bouligand Derivative which preserves chain

rule and product rule. These systems are termed Event-Selected Systems (ESS). Even
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stronger, [CRB22, Sec. 3.2], showed that many common ESS are fully C1-smooth,

possessing a classical derivative instead of a Bouligand derivative. This work leverages

the structure of these smooth systems. We begin by describing the conditions for a

dynamical system to be ESS, and then provide a “checklist” to determine when an

ESS is smooth.

Definition 3.2.1. Given a vector field F : D → TD over an open domain D ⊂ Rd

and a function h ∈ Cr(U,R) defined on an open subset U ⊂ D, we say that h is

an event function for F on U if there exists a positive constant f > 0 such that

Dh(x)F (x) ≥ f element-wise, for all x ∈ U . [Bur+16, Defn. 1].

Defn. 3.2.1 establishes the “liveness condition” of ESS. It ensures that all guards

are (eventually) crossed, restricting the dynamics from exhibiting sliding modes or

branching. The event functions can be chosen such that each h(x) = 0 is a guard.

The specific choice of constant is arbitrary, but h|Σ = 0 aligns with canonical notation

in the literature [ST00a].

Definition 3.2.2. Given a vector field F : D → TD over an open domain D ⊂ Rd,

we say that F is event-selected Cr at ρ ∈ D if there exists an open set U ⊂ D

containing ρ and a collection {hj}nj=1} ⊂ Cr(U,R) such that

1. (event functions) hj is an event function for F on U for all j ∈ {1, ..., n}

2. (Cr extension) for all b ∈ {−1,+1}n = Bn, with

Db = {x ∈ U : bj(hj(x)− hj(ρ)) ≥ 0},

F |IntDb
admits a Cr extension Fb : U → TU

[Bur+16, Defn. 2]. Note that this requires continuous solution trajectories, i.e. ESS

trajectories cannot experience “jumps.”
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Defn. 3.2.2 establishes that event-selectedness is a local property. Requiring that

each guard be crossed exactly once, irrevocably prevents periodic and rhythmic be-

haviors, such as hopping. By constructing event-selectedness as a local property,

periodic systems can be treated as several event-selected systems joined together,

preserving both the mathematical convenience of event-selectedness and the general-

ity of mechanical collisions.

Defns. 3.2.1 and 3.2.2 form the “check-list” for determining if a dynamical system

is event-selected. [Bur+16] showed that such systems possess a first-order approxi-

mation, although not in the sense of a traditional derivative. Instead, ESS possess a

Bouligand Derivative. The Bouligand Derivative, when it exists, is numerically iden-

tical to the directional derivative [Sch12]. Intuitively, perturbing a trajectory which

crosses 2+ guards simultaneously will cause the perturbed trajectory to have a spe-

cific mode schedule, and the correct first-order approximation will be the Bouligand

Derivative corresponding to said specific mode schedule. Furthermore, these first-

order approximations can be constructed from saltation matrices [AG58; Kon+24], a

well-established tool for dynamical analysis.

In general ESS, the loss of smoothness when changing mode schedule comes from

the fact that the saltation matrices do not generally commute. However, when an

ESS

1. is “second-order mechanical” in the sense that the state space can be evenly

partitioned into coordinates and their time derivatives (“positions” and “veloc-

ities”)

2. has guards which only depend on positions

3. crossing guards (the “collisions”) introduce only additive forces, e.g. “soft”

spring-like collisions,

4. the “forces” introduced by the discontinuities are additive
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the different saltation matrices are commutative and the dynamics are linearizable in

the traditional sense. This implies that many soft and firm contact problems typically

treated with LCP are classically smooth, and are amenable to conventional nonlinear

dynamical analysis.

3.3 Robot

We conducted the experiments using the three-legged robot diagrammed in Fig. 3.1

and shown in Fig. 3.2. It used two sets of actuators to move: three independently-

driven gated parallel elastic actuators for legs, and a counter-weight boom actuator

to move its center of mass (CoM). Motion capture cameras provided feedback, and

a process diagram of the motion plan is shown in Fig. 3.4. Each leg actuator was

composed of a Dynamixel MX-106 motor, a lever arm, and a 1075 spring steel beam

“leg.” A thin metal cable connected the distal ends of the lever arm and leg. We

divided the hopper’s motion into a flight phase, when no legs contacted the ground,

and a stance phase, when all three legs contacted the ground. During flight, the

motors raised the lever arms, “preloading” the spring steel to store energy. When the

hopper detected2 stance, it lowered the lever arms to release the stored energy into

the next hop.

Modulating the contact forces by varying the amount of preload failed to induce

meaningful hop-to-hop translation or rotation. However, placing counterweights on

the hopper’s chassis introduced a consistent hop-to-hop drift. This observation led

us to design the counterweight-boom actuator, shown in Fig. 3.1c. It consisted of a

motor mounted at a slant angle to the chassis, a boom mounted to the motor at a slant

angle, and a counterweight attached to the boom. This geometry avoided mechanical

interference with the leg actuators and could return the CoM to the (horizontal)

2Stance was detected when the current consumed by each of the three motors all dropped below
a fixed threshold.
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Figure 3.1: Diagram of the three-legged hopping robot used in the experiments. Left-to-right:
(a) overall assembly, (b) detail of a leg actuator, (c) detail of the counterweight-boom actuator.
All motors are MX-106 brushed DC motors from Dynamixel. (a) A slot-together frame made of
quarter-inch lasercut ABS forms the chassis. It is held together by Kevlar-embedded tape wrapped
horizontally around the frame. Actuators are secured to the chassis via M2.5, M3 screws and
locknuts. (b) The leg is a 1075 spring steel beam connected to the quarter-inch ABS lever arm via a
thin metal cable. The motor raises and lowers the lever arm to store and release energy in the leg.
(c) The boom actuator moves a counterweight around an axis not aligned with the body frame. We
used a 4S LiPo battery for the counterweight.
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Figure 3.2: Photograph of the hopping robot. Power is supplied by the battery counterweight.
Motor communication travels through the attached Ethernet cable (white).

center of the robot during stance as a “neutral” position.

The hopper was able to rotate by moving the boom during flight. However, moving

the boom too quickly caused the hopper to flip over and land in an unrecoverable

configuration. This limited the boom’s motion to ±90◦ per hop. Since the boom

actuator could not achieve an arbitrary boom angle during a hop, we modeled it as

having an internal state (the boom angle) and receiving a velocity control input (the

change in angle). This allowed us to build a model of the hop-to-hop motion as a

function of the actuator state and input, detailed in the next section.

3.4 Control Scheme

3.4.1 Dynamical Model

We seek to control the hopper as a mobile robot, i.e. its SE(2) configuration during

stance. We will borrow from the bipeds literature and study the “frame-change per

[gait] cycle”: we fix an origin to the most recent stance frame and express the next
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stance configuration relative to this origin. Previous analysis (Chp. 2) showed3 that

the frame-change dynamics were zero-order; they depended principally on the control

input and not any dynamical history. To highlight their simplicity, we modeled the

dynamics as three independent C1 functions (2 for translation and 1 for orientation)

of the boom actuator state (practical details in Sec. 3.4.3). These dynamics did not

depend on mode schedule and can be expressed in the world frame as a discrete-state

update equation:

xk+1 = xk +∆xb(ϕk,∆ϕk) · cos θk −∆yb(ϕk,∆ϕk) · sin θk

yk+1 = yk +∆xb(ϕk,∆ϕk) · sin θk +∆yb(ϕk,∆ϕk) · cos θk

θk+1 = θk +∆θb(ϕk,∆ϕk)

ϕk+1 = ϕk +∆ϕk

with stance frame (x, y, θ) ∈ SE(2), boom angle ϕ ∈ S1, control input (boom angle

change) ∆ϕ ∈ S1, and (smooth) frame-change dynamics ∆ ·b (·, ·).

3.4.2 System Identification

We used Gaussian Process regression [RW06] to model the control dynamics based on

physical data. Described above, the control model depended on the current boom an-

gle (ϕ, the boom actuator state) and the change in boom angle (swing) during flight

(∆ϕ, the control input). We recorded the hopper hopping while executing control

inputs using a Qualysis motion capture system at 100 Hz. The hopper selected the

control inputs based on the semi-random grid traversal algorithm described in Alg.

1. From the recorded data, we extracted instantaneous SE(2) pose (Alg. 2), instan-

taneous boom angle (Alg. 3), and identified motion capture frames corresponding

3The hopper’s dynamics were invariant to its location in the motion capture arena, and contact
friction largely destroyed the effects of momentum.
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to consecutive stance phases (Alg. 4). We then calculated the ϕ4, ∆ϕ5, and frame

change6 for each pair of consecutive stance phases.

We randomly selected 100 stance pairs to train 3 Gaussian process regressors in

scikit-learn [Ped+11, Sec. 1.7], one for each SE(2) coordinate. To enforce a periodic

dependence on ϕ, we duplicated the data in the training set with a change in ϕ of

−2π, 0, and 2π radians. Building models which considered mode schedules would

have required at least 3600 stance pairs7. Each regression used a Matérn kernel with

η = 1.5 and a white noise kernel with noise level 0.1,

1

Γ(1.5)
√
2

(√
3 d(xi, xj)

)1.5
K1.5

(√
3 d(xi, xj)

)
+


0.1 , i = j

0 , else.

This particular Matérn kernel describes C1 functions, making it suitable for the ex-

pected dynamics. Interestingly, the Matérn kernel for C2 functions broadly failed to

model the data, suggesting that the control dynamics had some directly measurable

C1 behavior. Fig. 3.3 shows the general structure of the regressions.

3.4.3 Transfer to Hardware

The hop-to-hop dynamics were nonholonomic (the hopper could not hop “back-

wards”), which complicated the use of trivial linear controllers. To highlight the

benefits of our approach, we turned to online predictive optimal controllers, in par-

ticular direct-shooting model predictive control (MPC). MPC uses simulation to find

a sequence of control inputs that approximates the optimal control input an amount

4A stance’s boom angle (ϕ) is the median instantaneous boom angle in the 11 (motion capture)
frames immediately following.

5The boom swing between two consecutive stance phases (∆ϕ) is the difference of their boom
angles.

6Given two consecutive stance phases with SE(2) configurations, g1 and g2 respectively, their
frame-change per cycle is g−1

1 g2.
7With three legs, each flight or stance transition has 3! = 6 mode schedules, and so the hop-to-hop

dynamics had 36 mode schedules (stance-flight, flight-stance).
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Algorithm 1: Generate a near-minimal sequence of boom angles that covers
the entire (discretized) control space.

Result: Nx1, boom angle command for each hop
Np ← 16;
Nv ← 3;
Nc ← 3;
; /* Build transition matrix */

M ← zeros((Np, Nv));
for k in Np do

s← k −Nv;
e← k +Nv + 1;
if s < 0 then

M [k, s :]← Nc;
M [k, : e]← Nc;

else if e ≥ Np then
M [k, s :]← Nc;
M [k, : e−Np]← Nc;

else
M [k, s : e]← Nc;

end

end
; /* Generate traversal sequence */

k ← 0;
q ← empty array;
nM ← sum(M, axis = 1);
N = arange(Np);
nnM ← sum(M);
while nnM > 0 do

q.append(k);
if nM [k] > 0 then

n← N [M [k] > 0];
else

n← N [M0[k] > 0];
end
w ← nM [n] + 1/Nv;
cw = cumsum(w);
if nM [k] > 0 then

M [k, nk]←M [k, nk]− 1;
nM [k]← nM [k]− 1;
nnM ← nnM − 1;

end
k ← nk;

end
return q
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Figure 3.3: Heatmaps of the identified frame-change per cycle based on actuator state (ϕ) and control
input ∆ϕ. The hopper is able to turn, drift right or left, but cannot hop “backwards.” This indicates
the hopper’s motion is nonholonomic and not immediately straightforward to classical linear control.
Note that each heatmap has a different scale. ϕ ranges from −2π to 4π showing that the regressions
are periodic or nearly so. ∆ϕ ranges from −π/4 to π/4.
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Algorithm 2: Calculate the hopper’s instantaneous SE(2) configuration
from motion capture data.

Data: d, a 3x3xN array of N frames of motion capture data. The zeroth
axis selects the x, y, or z coordinate, while the first axis selects the
marker.

Result: A 3xN array of the SE(2) configuration in each frame
; /* Take instantaneous average marker position as the frame

origin */

x← d[0]−mean(d[0], axis = 0);
y ← d[1]−mean(d[1], axis = 0);
; /* Use complex phasors to measure heading more robustly */

p← x+ 1j ∗ y;
α← mean(p[0]/p[1]);
β ← mean(p[0]/p[2]);
θ ← unwrap(angle(p[0] + α ∗ p[1] + β ∗ p[2]));
return [x, y, θ]

of time into the future, called the “horizon.” This scheme is inherently feed-forward,

and so MPC provides feedback by re-solving for new control inputs from updated

state information at (usually) regular intervals. Our implementation used a three-

hop horizon and re-solved the optimal control problem every hop. If mode schedules

were considered, this would be equivalent to optimizing over 1296 differential equa-

tions every hop, or roughly every 2 seconds.

We implemented our simulation as the difference equation in Sec. 3.4.1 and used

SciPy’s L-BFGS-B implementation for our optimizer [Vir+20; Byr+95]. L-BFGS-B

is an efficient method for bounds-constrained smooth optimization, needed for both

our actuation constraints and to evaluate the underlying smoothness of the hop-to-

hop dynamics. Using the simulated optimizer, we identified that the hopper was able

to follow waypoints by minimizing the Euclidean distance to the waypoint, and was

able to turn by minimizing the angular distance8 between the hopper’s heading and

a desired heading. In both of these motions, the hopper struggled to turn counter-

clockwise and accumulated a clockwise drift.

8arctan2 (sin(θdes − θ), cos(θdes − θ))
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Algorithm 3: Calculate instantaneous boom angle.

Data: d, a 3x4xN array of 3D motion capture data of 4 markers for N
frames, with the hopper at rest in the first 40 frames. The first 3
markers are on the body and the fourth marker is on the boom.

Result: Nx1, instantaneous boom angle of each frame
; /* Create a 4th, virtual, body marker to define the hopper’s

SE(3) configuration */

v1 ← d[:, 1]− d[:, 0];
v2 ← d[:, 2]− d[:, 0];
v3 ← vectors orthogonal to v1 and v2 with magnitude (||v1||+ ||v2||)/2;
d2 ← [d[:, 0], d[:, 1], d[:, 2], v3 + d[:, 0]];
; /* Define the ‘‘home’’ configuration */

ref ←average position of each marker in d2 for the first 40 frames;
ref2 ← ref centered and rotated in the xy plane so that its first marker lies on
the negative y-axis;
; /* Put data in frame defined by ref2 */

b← d[:, 4];
b2 ← empty array;
for each frame in d2 do

c← centroid of current frame;
dk ← current frame minus c;
R← least-squares matrix transforming ref2 to dk;
RU , RV ← left and right singular vectors of R, respectively;
b2[frame]← (b− c)(RURV )

T;

end
; /* Fit circle to boom data */

b̄← average position of b2;
u← PCA of b̄;
ux ← last principle component of u projected onto the x-axis;
uy ← last principle component of u projected onto the y-axis;
x← b̄ projected onto ux;
y ← b̄ projected onto uy;
cx, cy, r ← least-squares circle fitting x, y;
; /* Angle of boom along circle is the boom angle */

ϕ← arctan2(y − cy, x− cx);
return ϕ
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Algorithm 4: Determine the indices of consecutive stance phase pairs in a
trial. Consecutive stances must be consecutive local minima separated by
local maxima.
Data: z, an array of height time series data
Result: Nx2 array of index pairs
; /* Determine candidates */

vz ← savgol filter(z,window = 7, order = 3, deriv = 1);
stance candidates ← local minima indices of vz;
flight candidates ← local maxima indices of vz;
; /* Pair and apply thresholding to mitigate measurement and

numerical noise */

zenith threshold ← mean(z) + std(z);
nadir threshold ← mean(z)− std(z);
pairs ← empty array;
i1 ← first stance candidate;
i2 ← first flight candidate;
i3 ← first stance candidate;
while there are stance candidates after i1 do

if z[i1] below nadir threshold then
while i1 > i2 do

i2 ← index of flight candidate after i2
end
if z[i2] above peak threshold then

while i2 > i3 do
i3 ← index of stance candidate after i3

end
if z[i3] below nadir threshold then

pairs.append( (i1,i3) )
end

end

end
i1 ← index of stance candidate after i1

end
return pairs
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To transfer the controller onto hardware, we wrapped the control simulation code

in a hardware interface on a control computer, pictured in Fig. 3.4. The hardware

interface received the hopper’s SE(2) configuration from the motion capture system

while sending commands to the hopper’s motors, both in real-time. When the inter-

face determined the hopper was in stance, it provided the most recent Qualisys data

to the controller as the current state and sent the resulting boom angle command to

the boom actuator. This framework required the control simulation complete within

100 milliseconds.

MoCap Start

New Packet

Compute SE(2)

Store

Hopping Start

Preload

Delay 200ms

Stance

Release

Plan

Swing Boom

yes

yes

∆ϕ

SE(2) state

no

no

Figure 3.4: Hopping control process flow diagram. Left, a thread asynchronously polls for new data
from the motion capture system and stores the hopper’s SE(2) state in a buffer. Right, a separate
thread controls the hopper’s motors, reading the SE(2) state from the buffer only when needed for
planning.
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3.5 Experimental Results

We evaluated the control scheme laid out above on the robot described in Sec. 3.3.

Our control scheme ignored mode schedules, reducing 1296 differential equations to

(at most) 3 difference equations. We investigated the hopper’s ability to perform two

core steering maneuvers: approach the origin and turn 180◦. The hopper’s compara-

tively large turning radius to our motion capture arena (0.6m v.s. 2m×2m) prevented

the demonstration of more complex path following.

Despite the simplified model, the hopper successfully completed both maneuvers.

Fig. 3.5 shows the hopper successfully turning clockwise and as it minimized its

Euclidean distance from the origin. The control response simulated on measure-

ment data closely tracks the experimental behavior, despite deviation from the pure-

simulation response. This demonstrated that the smooth control and dynamical mod-

eling schemes were robust to model error. We further confirmed this by re-running

the experiment with a foamcore board in the hopper’s path. The foamcore board

acted as a momentum reservoir subject to Coulomb friction, adding sudden “jerks”

to the hopper’s motion. Despite this, the hopper still successfully approached the

origin. The experimental setup is pictured in Fig. 3.7 and the experimental results

are shown in Fig. 3.8. We repeated these experiments with the hopper starting fac-

ing the positive x-axis (θ = 0) and turning to face the negative x-axis by minimizing

arctan2 (sin(pi− θ), cos(pi− θ)). Fig. 3.6 shows the turning behavior without the

foamcore board, and Fig. 3.9 shows the turning behavior with the foamcore board.

3.6 Discussion

Historically, the dynamics of different mode schedules for a single system have been to

assumed to be unrelated. This non-relation leads to a combinatorial analysis – each of

the (combinatorially many) mode schedules are treated as separate smooth systems.
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Figure 3.5: The hopper’s motion in the unimpeded origin stabilization experiment compared against
the simulated control response and the expected motion from pure simulation. The left plot shows
the hopper’s location in the motion capture arena while the right plots show the value of its SE(2)
configuration over time. Our control scheme was able to adapt to eventual deviation from the pure
simulation response, showing that our simplified control scheme is effective.
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Figure 3.6: The hopper’s motion in the unimpeded turning experiment compared against the sim-
ulated control response and the expected motion from pure simulation. The left plot shows the
hopper’s location in the motion capture arena while the right plots show the value of its SE(2)
configuration over time. Our control scheme was able to adapt to eventual deviation from the pure
simulation response, showing that our simplified control scheme is effective.
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Figure 3.7: The foamcore board blocking the hopper’s path as it move towards the origin. The
foamcore caused the hopper to experience inconsistent friction and hop-to-hop movement. That the
hopper was still able to complete its task shows the robustness of our simplified model and controller.
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Figure 3.8: The hopper’s motion in the impeded origin stabilization experiment compared against
the simulated control response and the expected motion from pure simulation. The left plot shows
the hopper’s location in the motion capture arena while the right plots show the value of its SE(2)
configuration over time. The foamcore caused the hopper to experience inconsistent friction and
hop-to-hop movement. That the hopper was still able to complete its task shows the robustness of
our simplified model and controller.
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Figure 3.9: The hopper’s motion in the impeded turning experiment compared against the simulated
control response and the expected motion from pure simulation. The left plot shows the hopper’s
location in the motion capture arena while the right plots show the value of its SE(2) configuration
over time. The path obstructions caused the hopper to experience inconsistent friction and hop-
to-hop movement. That the hopper was still able to complete its task shows the robustness of our
simplified model and controller.
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This is true in the general case. What we have shown is that many mode sched-

ule dynamics are related: they are simply pieces of one C1-smooth system. We have

demonstrated this insight by controlling a 3-legged hopping robot in the plane without

considering mode schedules at all. We estimated the hop-to-hop dynamics from data

using smooth system identification tools. These (smooth) estimates reduced 1296

differential equations to (at most) 3 difference equations. Our gradient-based predic-

tive controller used the difference equations to select optimal control inputs online.

In both simulation and hardware, the controller performed well despite incomplete

friction and momentum modeling.

It is our hope that this work will diversify the actuation modalities present in

robotics. By showing that many contact dynamics are smooth9 we hope that more

robots will make stranger use of contact with their environment in the future. Out-

side of robotics, this insight has potential application to many domains of hybrid

dynamics, including analysis of power grids [HP00], neurobiology [Bur+16; Bro03],

and economics [Bro03].

9Chiefly, those with spring-like (but not necessarily soft) contact forces. See Sec. 3.2 and [CRB22,
Sec. 3.2] for details.
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CHAPTER IV

A Numerical Integrator Specialized for

Event-Selected Multi-Contact Dynamics

Having established that Event-Selected Systems (ESS) theory can be useful for the

control of practical robots, we turn to the question of numerical methods specialized

for ESS. An important step in the development of such methods is solving initial

value problems (IVPs). This chapter treats the issue of determining when hybrid

transitions (events) occur in along ESS trajectories. Herein we develop error bounds

for a streamlined event localization method, implement it as an event resolver inside

a classical (smooth) IVP solver, and show that it provides promising performance

gains.

4.1 Introduction

Integrating ordinary differential equations (ODEs) is an expensive aspect of robot

planning and optimization. Robot dynamics commonly contain discontinuities, as

in legged locomotion and dexterous manipulation, which require additional special

care to resolve. Many robots have a piecewise-smooth [GJ19] dynamical structure,

where the state space is partitioned into pieces by surfaces called guards, and the

dynamics in each piece are smooth. When a trajectory crosses or impacts a guard,

the dynamics change, called an event. There are no general restrictions on how
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the dynamics change at an event. However, the dynamics within each piece can be

integrated as a classical IVP. From standard continuity arguments, if a trajectory

crosses an event1, integrating across the event can then be treated as two IVPs, one

which terminates at the event and another using the state at the event as its initial

value. Integrating in this way typically follows the loop:

1. Solve an IVP in one dynamical mode while checking for an event (classical

integration and event detection)

2. Compute the state and time at the event (event localization)

3. Re-start classical integration from the event.

The accuracy of the resulting solution is governed by the accuracy of the integrator

and the accuracy of the event localization method.

Solving IVPs numerically has a rich literature and we refer the reader to [HWN93;

HW96] for a thorough treatment. It is common to describe a guard using a corre-

sponding event function, a continuous scalar field which is zero only at the guard2.

Since events occur when an event function composed on a trajectory crosses zero,

the common “sign-checking methods” recast event localization as finding the root

of a scalar function [ST00a; GK05; FAÅ14]. Despite their simplicity, sign-checking

methods come with a set of challenges. Numerical integrators usually sample the

trajectory at discrete points, called a mesh. For a trajectory y and event function h,

robust event-localization methods will evaluate h ◦ y at multiple points which are a

priori unknown, and this will require additional evaluations of h on additional points

on the mesh, which requires additional integrations of the ODE. Many numerical

codes return interpolating polynomials between mesh points, which allow efficient

1Sliding modes are an example of common piecewise-smooth phenomena which do not cross
guards [GJ19, Chp. 1.1.]

2This is a consequence of the Implicit Function Theorem.
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computation of additional values of y [Enr+86; Enr+88; Sha85; ORe70]. While in-

terpolation of somewhat resolves the computational difficulty in finding a root of h,

it is still possible that h crosses zero twice between consecutive points on the mesh

[EKP01]. Prior works treat the problem of event localization very generally, spend-

ing significant theoretical and computational effort to handle pathological cases. To

capture this “curvature,” several methods augment the state vector to include h ◦ y,

ensuring the integration takes the curvature into account [Car78]. Sturm Sequences

have been used to detect multiple roots both with and without the augmented state

approach [SGB91; GK05].

Motivated by recent theoretical and practical developments, we leverage the

stricter mathematical structure of ESS to develop an integration scheme specialized

for event-selected robot dynamics. The next section provides proves that our ap-

proach to event localization has desirable accuracy properties. Sec. 4.3 describes our

algorithm, followed by a tutorialized usage and a modeling example. Finally, Sec. 4.4

demonstrates the performance of our integration scheme wrapping a DOPRI5 method

on several toy problems against standard event integrators.

4.2 Improving Interpolating Splines of Scalar

Functions Composed on Event-Selected Tra-

jectories for Event Localization

4.2.1 Motivation

Most event localization algorithms based on polynomial approximations to the solu-

tion trajectory avoid placing assumptions on the underlying structure of the hybrid

dynamics. This has resulted in algorithms that focus on evaluating an event function

along a spline of a trajectory, rather than a spline of the event function composed on
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the trajectory. However, we are interested in building numerical methods specifically

for integrating ESS. The liveness property of ESS places a lower bound on the time

it will take for an event to occur. Lower bounding the event crossing time allows for

the use of a triangle inequality to place error bounds on the interpolating Hermite

spline of the spline of an event function composed on an event-selected trajectory.

This approach appears to lower the computational cost of event localization. We pro-

vide a proof of the third-order method we implemented below, but the proof readily

extends to higher orders when higher order interpolation methods are used is of order

greater than three, and the underlying dynamics meet the accuracy conditions of the

interpolant.

4.2.2 Background

Event localization seeks some t∗ subject to (h◦y)(t∗) = 0 for scalar event function h(·)

and IVP solution y(t). Computer memory is finite, so numerical integration schemes

typically sample the integral curve y, returning a sequence of (time, value) pairs called

a mesh. In practice, t∗ nearly always lies between two mesh points. Determining t∗

then requires interpolating between mesh points. Employing the original integration

method for interpolation is costly, and most methods leverage some notion of poly-

nomial interpolation [Sha85; Enr+86; FAÅ14]. In the event localization literature,

there are two common methods which employ polynomial interpolation. The first is

to search a time interval, interpolating y at each candidate time, and passes the result

to a user-provided event function for evaluation, as in [SGB91]. This approach effi-

ciently computes candidate solution values, but loses efficiency when h lacks a simple

algebraic structure. The second approach, used in [GK05], treats h ◦ y as part of the

solution curve, augmenting the dynamics to include dh/dt. This ensures that h ◦ y

matches the specified numerical tolerance and allows direct construction of an inter-

polant to h ◦ y, at the cost of additional function evaluations. [ORe70] constructed
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an interpolant to h ◦ y for 4th-order Runge-Kutta methods directly from the mesh of

y.

4.2.3 Proof of 3rd-Order Accuracy

Without loss of generality, we will consider the case of a scalar event function. Specif-

ically, we want to show that, for a trajectory y(t) with mesh {(t0, y0), (t1, y1)} and

event function h, when (h ◦ y)(t∗) = 0, not only does the interpolating cubic Hermite

spline for h ◦ y on the mesh have a root t′ close to t∗, but the interpolating cubic

Hermite spline to y at t′ is close to t∗. With some algebra through the proofs below,

it can be shown that the specific error bounds are

|t′ − t∗| ≤
L
24

+ LhK

c
· δt4

and

||p(t′)− y(t∗)||∞ ≤

(
L
24

+ LhK

c
Lp +K

)
· δt4

with variable definitions found in Tab. 4.1.

Table 4.1: Description of variables and relevant constants used in this proof.

t0 Mesh point preceding the event

t1 Mesh point following the event

I := [t0, t1] The interval being interpolated for event localization

δt := |t1 − t0| Time between mesh points

y The exact solution curve to the IVP

h The event function

hy := h ◦ y The event function, h composed on the exact solution curve,

y

ph The interpolating spline to hy
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p The interpolating spline to y

g := h ◦ p The event function composed on the interpolating spline of

y

L := supt∈I g
(4)(t) The upper bound of the fourth derivative of the event func-

tion composed on the true solution curve

Lh The Lipschitz constant of h on the compact set containing

p(·) and y(·)

K The error constant for p, i.e., ||p(t)− y(t)||∞ ≤ Kδt4 for

t ∈ I

c := inft∈I ḣy(t) The liveness constant of the event function h

Lp := supt∈I ||ṗ(t)||∞ Upper bound on the time derivative of the interpolating

spline to y

We now recapitulate the definition of order for numerical integrators and the formula

for interpolating cubic Hermite splines before proceeding to our proof.

Definition 4.2.1. A numerical integration method is said to be of order p for a

timestep δt := t1 − t0, exact solution y(·), and mesh point (t1, y1) if

||y(t0 + δt)− y1||∞ ≤ Kδtp+1 [HWN93, Eq. 1.10, p.134].

Definition 4.2.2. An interpolating cubic Hermite spline constructed using

the values at the mesh, {(t0, y0), (t1, y1)}, their corresponding derivatives f0 :=

f(y0), f1 := f(y1), and their timestep δt := t1 − t0 has the formula

u(θ) = (1− θ)y0 + θy1 + θ(θ − 1) [(1− 2θ)(y1 − y0) + (θ − 1)δtf0 + θδtf1]

[HWN93, Eq. 6.7, p.190]

for θ ∈ [0, 1] and θ := (t− t0)/δt. u(θ) is 3rd-order so long as the numerical scheme

which computed the mesh is at least 3rd order.
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Theorem 4.2.1. For a trajectory y(t) subject to ẏ = f(y) with f ∈ C3, an event

function h ∈ C4, and at-least-3rd-order mesh {(t0, y0), (t1, y1)}:

1. ph, the interpolating Hermite spline to h built from the mesh is 3rd-order accu-

rate to hy := h ◦ y on I := [t0, t1].

2. If both ph and hy have roots t′, t∗ respectively on I, and if p is the 3rd-order

interpolating Hermite spline to the mesh, then ||p(t′)− y(t∗)||∞ ≤ K|t1 − t0|4

for positive K.

Proof. (1) is a direct result from the theorem statement and Lemma 4.2.2. Let δt :=

|t1−t0|. Since (1) is true, and hy is strictly monotonically increasing and smooth since

it is an event function (Def. 3.2.1), we immediately have |t∗− t′| ≤ K1δt
4 for positive

K1 from Lemma 4.2.3. Then, since |t∗ − t′| is bounded by a 4th-order polynomial,

and p is 3rd-order to y, there exists some K > 0 so that ||p(t′)− y(t∗)||∞ ≤ Kδt4.

Lemma 4.2.2. If {(t0, y0), (t1, y1)} is an at-least-3rd-order mesh for some y(t) subject

to ẏ = f(y) for f : Rn → Rn at least thrice-differentiable, and h : Rn → R is at least

four times differentiable, then ph, the cubic Hermite spline to h ◦ y with boundary

conditions

ph(t0) = h(y0) ṗh(t0) = Dh(y0) · f(y0)

ph(t1) = h(y1) ṗh(t1) = Dh(y1) · f(y1),

is 3rd-order to (h ◦ y)(t) on I := [t0, t1].

Proof. Let p be the cubic Hermite spline built from {(t0, y0), (t1, y1)} and define g :=

h ◦ p and hy := h ◦ y. This proof uses a triangle inequality with |g(·) − hy(·)|. We

seek to bound

|ph(t)− g(t)|+ |g(t)− hy(t)|
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on I by δt4 times some positive constant, which is the necessary and sufficient condi-

tion for ph to be 3rd-order to hy on I.

To bound |g(·)− hy(·)|, let Ū be a compact set containing both the image of y(·)

and p(·) on I. h is continuously differentiable, so is Lipschitz on compact sets. Let

Lh > 0 be the Lipschitz constant of h on Ū . Since p is 3rd-order to y [HWN93, p.190],

|g(t)− hy(t)| ≤ |(h ◦ p)(t)− (h ◦ y)(t)| ≤ Lh ||p(t)− y(t)||∞ ≤ LhK · δt4.

Turning to |ph(·) − g(·)|, [BF10, p.137] gives an error formula for Hermite splines

using a (typically) unknown ξ. The formula for a spline like ph requires that g ∈ C4.

Recall that h ∈ C4 and p analytic, so g := h ◦ p ∈ C4. Then g(4) is continuous over

the compact set I and therefore bounded. Choose L := supt∈I |g(4)|. Observing that

ph is constructed from two points of g, the error formula becomes

|ph(t)− g(t)| = (t− t0)
2(t− t1)

2

4!
· |g(4)(ξ(t))| ≤ L

24
· δt4.

Applying the triangle inequality,

|ph(t)− hy(t)| ≤ |ph(t)− g(t)|+ |g(t)− hy(t)| ≤
(
L

24
+ LhK

)
· δt4.

we see that |ph−hy| is bounded by a 4th-order polynomial on I, and so ph is 3rd-order

to hy := h ◦ y.

Lemma 4.2.3. If ph is of order P −1 to the strictly monotonically increasing smooth

curve hy : R → R on I := [t0, t1] ⊂ R and hy(t
∗) = 0, ph(t

′) = 0 for t∗, t′ ∈ I, then

|t∗ − t′| is bounded by K|t1 − t0|P for positive K.

Proof. Let δt := |t1 − t0| and |hy(t)− ph(t)| ≤ K1δt
P . ph(t

′) = 0, so

|hy(t
′)| = |ph(t′)− hy(t

′)| ≤ K1δt
P .
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hy is strictly monotonically increasing, so ḣy ≥ c > 0. Fix c2 := inft∈I ḣy(t) and

observe that c|ta − tb| ≤ c2|ta − tb| ≤ |hy(ta)− hy(tb)| for ta, tb ∈ I. Then

c|t′ − t∗| ≤ |hy(t
′)− hy(t

∗)| = |hy(t
′)| ≤ K1δt

P

Let K := K1/c and then |t∗ − t′| ≤ KδtP .

Lemma 4.2.4. If a smooth curve p : R → Rn is order P − 1 to another curve,

y : R→ Rn, on the compact interval I := [t0, t1] ⊂ R with constant K and the distance

between two real numbers t′, t∗ ∈ I is bounded by K1·|t1−t0|P , then ||p(t′)− y(t∗)||∞ ≤

K2 · |t1 − t0|P for positive K,K1, K2.

Proof. Let δt := |t1 − t0| and recall ||p(t)− y(t)||∞ ≤ K · δtP . Then

||p(t′)− y(t∗)||∞ ≤ ||p(t
′)− p(t∗)||∞ + ||p(t∗)− y(t∗)||∞ ≤ ||p(t

′)− p(t∗)||∞ +K · δtP .

By the Mean Value Theorem, there is some η ∈ I such that ||p(t′)− p(t∗)||∞ ≤

||ṗ(η)||∞ · |t′ − t∗|. Since |t′ − t∗| ≤ K1 · δtP ,

||p(t′)− p(t∗)||∞ ≤ ||ṗ(η)||∞ K1 · δtP .

Choosing Lp := supt∈I ||ṗ(t)||∞ and K2 := K +K1Lp,

||p(t′)− y(t∗)||∞ ≤ K2 · δtP .
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4.3 Algorithm

To our knowledge, the integration algorithm presented herein is the first to perform

event localization using a polynomial approximation to h ◦ y between mesh points

from any (suitably accurate) integrator. Furthermore, our algorithm seems to be the

first tailored to the treatment of multi-contact using sign-checking. As a result of

using these straightforward techniques, we see significant performance despite our

pure-Python implementation in Sec. 4.4 We will use the notation in Table 4.2 in this

section.

f Vector field being integrated, i.e., ẏ = f(y, ...)
h The m event functions represented as a vector-valued function
Dh The Jacobian of h
hk kth event function
gk Guard corresponding to {y : hk(y) = 0}

Table 4.2: Notation used in the integration algorithm.

Our algorithm operates in two modes. The first is classical integration. The

trajectory is integrated like any classical integration method (e.g. RK4), and the

event function signs are compared between consecutive mesh points. When the signs

differ, the algorithm performs multi-contact event localization.

4.3.1 Discontinuity Locking

Like many event-localizing integrators, our algorithm employs “discontinuity locking.”

Event localization requires numerical root-finding machinery, and so is subject to the

difficulties of numerical tolerance. In general, any event localization algorithm can

return a mesh point on the trajectory which is on the guard to within numerical

tolerance, but not exactly on the guard. This phenomenon is called “discontinuity

sticking.” In such a case, relying on the sign of h(y) to determine the hybrid mode

can cause the event localization algorithm to become stuck in an infinite loop. Such
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repeated executions are unnecessary. Discontinuity locking prevents discontinuity

sticking by manually updating the variable which indicates the hybrid mode according

to user-specified rules which describe the acceptable transitions between modes. Our

algorithm represents the progression of the hybrid mode within an ESS as a length-m

Boolean vector, b. When the jth guard is crossed, b[j]← +1.

4.3.2 Single Multi-Contact Resolution

Given a list of “candidate” guards that a trajectory crossed on some mesh interval

(t0, y0), (t1, y1), we build an interpolating cubic Hermite spline on [t0, t1] subject to

the boundary conditions

phk
(t0) = hk(y0) ṗhk

(t0) = Dhk(y0) · f(y0)

phk
(t1) = hk(y1) ṗhk

(t1) = Dhk(y1) · f(y1).

where hk is a candidate event function and Dhk is its gradient. From Thm. 4.2.1, the

root of ph on [t0, t1] will be 3rd-order close (Def. 4.2.1) to the true root of (h ◦ y)(t).

We then note the guard which has the smallest impact time, t∗, interpolate to t∗

using a cubic Hermite spline to the mesh, and mark the guard as crossed. We then

use a 3rd-order Runge-Kutta method (RK3) to integrates the IVP y(t∗) from t∗ to t1

in the new mode, check for any guard crossings, and repeat until there are no guard

crossings on [tast, t1] This procedure is illustrated in Algorithm 5.

4.3.3 Usage

Our algorithm can be split into two parts: classical integration and multi-contact

resolution. Any 3rd-order or better integrator capable of sign-change-triggered early

termination is suitable for classical integration. Such classical integrators typically

require definitions of f and h, with several optional parameters for handling numerical
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Algorithm 5: Single multi-contact event resolution pseudocode.

Data: t0, the time before the multi-contact event; t1, the time after the
multi-contact event; y0, the state at t0; y1, the incorrect state at t1; f ,
the ESS dynamics; h, the event functions as a vector; Dh the
Jacobian of h

Result:
h0 ← h(y0);
h1 ← h(y1);
b← sgnh0;
f0 ← f(y0, b);
f1 ← f(y1, b);
cands← argwhere((b < 0 ∧ h1 ≥ 0));
while ¬empty(cands) do
{t∗i} ← ImpactTimes(cands) /* See Alg. 6 */

k ← argmin{t∗i};
δt← t1 − t0;
θ ← (t∗k − t0)/δt;
y0 ← (1− θ)y0+ θy1+ θ(θ− 1) ( (1− 2θ)(y1 − y0) + (θ − 1)δtf0 + θδtf1 );
t0 ← t∗k;
b[cands[k]]← +1;
/* Mark the candskth guard as crossed. */

y1 ← Rk3Step(y0, f(·, b), t1 − t∗) /* A single integration step of

the "Heun order 3" method in [HWN93, Table 1.1, p. 135]

*/

h0 ← h(y0);
h1 ← h(y1);
cands← argwhere((b < 0 ∧ h1 ≥ 0));

end
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Algorithm 6: Impact time calculation pseudocode.

Data: t0, the initial time on the mesh; t1, the final time on the mesh; y0, the
state at t0; y1, the state at t1; f , the governing vector field at y0; h,
the event functions; Dh, the Jacobian of the event functions; cands,
the guards crossed between y0 and y1

Result: Times of guard crossings
δt← t1 − t0;
h0 ← h(y0);
h1 ← h(y1);

ḣ0 ← dot(Dh(y0), f(y0));

ḣ1 ← dot(Dh(y1), f(y1));
tarr← [];
for i ∈ cands do

t← RootFind(Hermite(h0[i], h1[i], ḣ0[i], ḣ1[i], δt), 0, 1);
/* Hermite evaluates a scalar spline as in [HWN93, Eq 6.7,

p.190] and RootFind is a bracket rootfinding algorithm */

tarr← [tarr, t];

end
return tarr

tolerances.

Algorithm 5 requires definitions of f , h, Dh, and a root finding algorithm. We

recommend using the Illinois algorithm [For95] for root finding. Note that Dh, the

Jacobian of h, need not be closed form. The discontinuity locking approach provides

no way to “revoke” mode transitions, i.e., set entries in b to −1. In this way, Algo-

rithm 5 acts as a “one-shot,” i.e., This interferes with the representation of rhythmic

systems, since many periodic orbits in hybrid dynamics transition back and forth be-

tween hybrid modes. However, event-selectedness is a property open neighborhoods,

so a dedicated integrator can be instantiated for each event-selected region. A su-

pervisory process can then select between the different integrators to appropriately

integrate each portion of the dynamics along a larger trajectory. Sec. 4.3.4 provides

a modeling example for a periodic 2D ESS.
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Figure 4.1: Densely integrating hk(x(t)) directly to resolve the kth guard impact. By abuse of
notation, hk refers to the value of hk(·) as a variable. The system obeys ẋ = f1(x) for hk < 0 and
ẋ = f2(x) otherwise. Using the multivariable chain rule, hk follows the scalar differential equation
ḣk = ∇hk · f1(x) until guard impact (hk = 0). Thus the value of ∇hk · f1(x) at (unknown) t∗,
is identical to “true” solution. Furthermore, ∇hk · f1(x) is smooth, and can be densely integrated
using a cubic spline [HWN93, p.190, Eqn. 6.7]. This transforms
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4.3.4 Modeling Example

Consider the model of a 1D hopper with height above ground y, contact length L,

spring constant k, spring rest length L0, mass m, and gravity g:

ẏ = f(y) =


−g , y > L

−g + k(L0 − y)/m , y ≤ L.

The hopper dynamics have the guard y ≡ L, which is crossed with both positive and

negative velocity. To represent the hopper as ESS, we partition it into two ESS, one

with event function h = y − L (takeoff) and the other with h = L− y (touchdown).

We can then select which ESS to integrate based off of the sign of ẏ. To ensure that we

determine which ESS to integrate as infrequently as possible, we equip each ESS with

an early termination function to stop integration when ẏ changes sign. Evaluated

on a mesh, this function takes the form ẏk−1ẏk ≤ 0. This logic can be incorporated

inside of a while loop, shown in Algorithm 7.

4.4 Numerical Experiments

4.4.1 Algorithm Implementation

We implemented our algorithm as a Python class which wraps a user-provided clas-

sical integrator. In the experiments below, we used a Python implementation of

DOPRI5 ([HWN93, II.4, p.178]) for our classical integrator. We used the closed-form

cubic method for our Hermite spline root finding.

4.4.2 Order Test

Since we were using a 5th-order classical integrator, we expected that any trajectory

integration error should be dominated by the error of our projection step, and not
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Algorithm 7: Integrate 1D hopper dynamics by connecting two ESS com-
plexes.

Data: t0, the starting time for integration; tf , the ending time for
integration; y0, the initial (height, velocity) condition.
IntegrateTouchdownESS, the integrator build for the touchdown
dynamics; IntegrateTakeoffESS, the integrator build for the takeoff
dynamics

Result: Nx1, boom angle command for each hop
tout← [t0];
yout← [y0];
while t0 ≤ tf do

/* Decide which system to integrate based on the boundary

between ESS complexes. In this case that boundary is the

sign of the velocity. */

if y0[1] < 0 then
tt, yy ← IntegrateTouchdownESS(t0, tf , y0);

end
else

tt, yy ← IntegrateTakeoffESS(t0, tf , y0);
end
tout← [tout, tt];
yout← [yout, yy];
t0 ← tt[end] y0 ← yy[end]

end
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by our integration step. To experimentally verify that our algorithm is 3rd-order, we

needed a differential equation of sufficient complexity which still had a known closed-

form solution. Linear and affine differential equations possess readily-computable

exact solutions through the matrix exponential, making them a natural choice. For

simplicity, we chose our guards to be the coordinate planes. We constructed a 3D

system of affine ordinary differential equations, described in Table 4.3

x < 0 x ≥ 0

y < 0 −y + 1 −2y + 1
y ≥ 0 y + 1 10x+ 1

(a) ẋ

x < 0 x ≥ 0

x+ 1 x/2 + 2
−x+ 1 y + 1

(b) ẏ

z ≤ 0 z > 0

3z − 1 −z − 1
3z − 1 −z − 1

(c) ż

Table 4.3: The 3D system of affine ODEs used for our order test. The x velocity (a), y velocity (b),
and z velocity (c) are grouped separately.

We integrated the IVP (x, y, z) = (−0.4,−0.15, 0.3) from t = 0 to t = 0.5. This

trajectory crossed all guards during the time interval. We plotted the log-log inte-

gration error (Fig. 4.2) and found it to be bounded by a polynomial of order at least

4.2.

4.4.3 Calibration against MuJoCo

To assess the practical merit of our algorithm, we sought to compare it with a state-of-

the-art simulation framework which explicitly treats collision phenomena. We elected

to use MuJoCo, short for “Multi-Joint dynamics with Contact,” for our performance

baseline [Dee]. We selected MuJoCo for the simplicity of use with Python, and the

ease of reading and writing modeling parameters from its XML modeling framework.

MuJoCo is a simulation package which has received much attention for robot sim-

ulation [ETT15; Zha+21; Koe+15; TET12]. As such, MuJoCo has benefited from

many years of dedicated optimization in C and C++ [Dee], while we implemented

our integrator in Python. It is well-known that Python is less performant than C
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Figure 4.2: Log-log plot of our algorithm’s RMS integration error versus 1/ε (dotted line) for an
initial value problem. The data interval used to determine the order (gray rectangle) and the fit
extended over the entire interval considered (dashed line) are overlaid. The integrator achieved
third-order accuracy, indicated by the slope of the dashed black lined being above 4. The tails for
small and large 1/ε is expected.

[Har+20a; Pre00], and it would be reasonable to not only expect MuJoCo to out-

perform our algorithm in a head-on comparison of execution time, but also that our

algorithm’s execution time would be dominated by the runtime performance of the

Python virtual machine itself.

To establish a meaningful comparison between our algorithm and MuJoCo uncom-

plicated by the details of software implementation, we needed an event-selected toy

robot model with a closed-form exact solution to calibrate both the runtime perfor-

mance and the accuracy of each solver. We used the 1D hopping model developed

in Sec. 4.3.4. We simulated an equivalent hopper model in MuJoCo starting at rest

with z0 = 2, L0 = 1 from t = 0 to t = 2. Unfortunately, the MuJoCo simulations were
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unstable in the sense that the hopper gained energy with each successive hop. We

were unable to find a configuration which made MuJoCo sufficiently accurate com-

pared to our integrator, nor a configuration which made our integrator sufficiently

inaccurate to compare with MuJoCo. As such, we were unable to directly calibrate

our integrator’s time step parameter. Instead, we selected a maximum time step of

1 second, and recorded the runtime for our integrator and MuJoCo, show in Table.

4.4. The trajectory comparison is show in Fig. 4.3.

Figure 4.3: Time series output of our calibration: integrating a the trajectory of a 1D hopping robot.
The top row of plots show the exact trajectory (dotted gray), MuJoCo’s result (dashed blue), and
our result (red) overlaid. Due to our integrator’s large timestep, the top left plot is numerically
accurate, but visually undersampled. The bottom row shows the residual from the exact trajectory
for both MuJoCo and our solver. The left plots show height above the ground (contact height = 1)
and the right plots show vertical velocity.
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ε′ MuJoCo (s) ours (s)
None 0.002054 0.001452

Table 4.4: Calibration parameters determined by simulating the same 1D hopper initial value prob-
lem with MuJoCo and our algorithm. The runtime in seconds of each method is tabulated in the
right two columns. MuJoCo used a timestep of 0.002 seconds. We were unable to find parameters
which made the MuJoCo simulation comparably accurate to ours, so we used a maximum timestep
of 1 second for our integrator.

4.4.4 Scaling v.s. MuJoCo with Multiple Contacts

Our algorithm’s potential gains are in its treatment of multiple guards. We wanted to

assess how its performance scaled versus MuJoCo with increasing number of contacts.

We developed a model of a plate in SE(2) falling due to gravity onto a bed of evenly-

spaced vertical springs with frictionless rolling contacts. A model of this form allowed

us to procedurally generate models and MuJoCo compatible XML of the plate falling

onto arbitrarily many spring contacts. We assumed the plate was long enough that

it was above each spring at all times. For the ith spring with x-position xsi , our

flight-stance event functions and Jacobians took the form:

hi = L0 + tan θ · (x− xsi)− z

Dhi =

[
tan θ, −1, sec2θ · (x− xsi)

]

We generated 150 random initial conditions starting from rest centered over the

spring bed with z0 ∈ (2, 3) and θ0 ∈ (−0.1, 0.1). For each initial condition, we

simulated the plate falling onto spring beds of 2 to 35 evenly-spaced identical spring-

damper contacts with the precision parameter determined from our calibration. We

evaluated each algorithm on its marginal runtime cost per contact. We computed

marginal cost as the derivative of the median runtime with respect to the number of

contacts.

We found that the median marginal runtime cost per contact for our Python

implementation was roughly the same as MuJoCo’s, see Fig. 4.4. We suspect that
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Figure 4.4: The marginal cost of our algorithm (red) and MuJoCo (dashed blue) for increasing
number of spring-damper contacts. We integrated the same N = 150 random initial conditions
for each number of contacts. Our algorithm implemented in pure Python has roughly the same
median marginal cost per contact as MuJoCo. This suggests that our numerical method would
easily outperform MuJoCo in a more optimized implementation.

the rapidly growing confidence interval on the runtime cost of our method is a result

of our root finding implementation.

4.5 Discussion

We have presented, to our knowledge, the first event localization method using splines

built only from mesh points of state that has a known error bound regardless of the in-

tegration method used. Using this method, we have developed a pure-Python numeri-

cal integration scheme for multi-contact that nearly meets MuJoCo’s optimized code-

base. MuJoCo is known to simulate robots faster than most other simulation suites

[ETT15], and this makes our algorithm particularly well-suited to real-time applica-
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tions, such as online optimization and model-predictive control of robots with 6 legs

or more. We expect our algorithm could be more heavily exploited in contact-aware

state estimation [Har+20b; PKJ22b]. By considering additional benign, physically-

relevant mathematical structure, we have developed a numerical method that meets

the state-of-the-art.

It is worth noting that ESS is more general than the types of hybrid problems

MuJoCo and PyBullet treat [TET12; CB16; Bur+16], and our algorithm could find

uses outside of robotics, such as in stability analysis of power grids [HP00], economics

[Bro03], or in fields as far removed from engineering as ecology and neurobiology

[Bur+16; Bro03].
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Proceedings 96, Mar. 2014, pp. 827–836. doi: 10.3384/ecp14096827.

[Faz+17] Nima Fazeli et al. “Parameter and contact force estimation of pla-

nar rigid-bodies undergoing frictional contact”. In: The International

Journal of Robotics Research 36.13-14 (2017), pp. 1437–1454. doi:

10.1177/0278364917698749.

[Fil88] A. F. Filippov. “Existence and General Properties of Solutions of Discon-

tinuous Systems”. In: Differential Equations with Discontinuous Right-

76

https://doi.org/10.1145/7921.7923
https://doi.org/10.1016/0096-3003(88)90030-6
https://doi.org/10.1109/ICRA.2015.7139807
https://www.formula1.com/en/latest/article/the-beginners-guide-to-formula-1-tyres.61SvF0Kfg29UR2SPhakDqd
https://doi.org/10.3384/ecp14096827
https://doi.org/10.1177/0278364917698749


hand Sides. Ed. by F. M. Arscott. Dordrecht: Springer Netherlands, 1988,

pp. 48–122. isbn: 978-94-015-7793-9. doi: 10.1007/978-94-015-7793-9 3.

[For95] JA Ford. “Improved algorithms of illinois-type for the numerical solution

of nonlinear equations”. In: University of Essex, Department of Com-

puter Science (1995).

[GJ19] Paul Glendinning and Mike R. Jeffrey. Ed. by Elena Bossolini, J. Tomàs
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